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Set-up

e The ultimate goal is fitting a regression model.

in ||AG —y||?
5‘25{‘"” vilz

A =[-a;-]" with a; € R" is the Experiment Matrix. Assumed to
have full column rank.

® 0 is the unknown set of parameters to be found.
* yis the not-yet measured response.

J Running all m experiments too costly and/or too time
intensive.
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Information Matrix |

Information Matrix
The Information Matrix is a linear map X : RT, — R™".

m
X(x) = > xjaal = AT diag(x)A

i=1
e Variable x; € N, denotes how often experiment i is to be run. x is

a design.
e Adesign x is "useful” if X(x) is regular.
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Information Matrix I

The Fusion Information Matrix
Let C € S, denote the already performed experiments.

Xc(X) = C +AT diag(X)A = C + X(X)

e Even for x = 0, Xc(x) is PD.

® You can think of C = AT diag(l)A where L are some non-trivial
lower bounds on the experiments.
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Some information theory later ...

Pukelsheim 2006
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D-Optimal Experiment Design

mxin — log det (AT diag(X)A)

m
s.t. X;i=N

l<x<u
m
X e Ng,

Ponte, Fampa, and Lee 2025; Ahipasaoglu 2021; Li et al. 2024

e
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A-Optimal Experiment Design

mxin tr ((AT diag(x)A)™")

m
sit. ,Z_;x,- =N )

l<x<u
m
X € Ng,

Ahipasaoglu 2015; Sagnol and Pauwels 2019; Nikolov, Singh,
and Tantipongpipat 2022

e
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Generalized-Trace-Inverse (GTI) Optimal Design

We generalize the A-optimal formulation for any real p > o:

mxin log (tr ((X(x))™P)) mxin tr ((X(x))7P)
m m
st ;X" =N (logGTI-Opt) st ;X" =N (GTI-0pt)
l<x<u l<x<u
X e NJJ x e N

® p =1 corresponds to the A-optimal problem.
e Also known as Kiefer's criteria.

e We conjecture that OEDP under the GTI-criterion is NP-hard for
any p > o.
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Integer Frank-Wolfe: Boscia.jl

mxin f(x)

BnB
st.xeX
. node bound
X;€Z Vje) ( >
e f continuously i;
differentiable, |< >|
convex, L-smooth.
/ ° X isacompact
Frank and Wolfe 1956; Levitin and Polyak convex Set,
1966; Braun et al. 2022 usually Schematic of the
polyhedral. algorithm.

Hendrych et al. 2025
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Convergence results

Objective Convergence ConI;/ingaernce
fr(%) = log det(Xc(x)) v v
gr(X) = tr(Xc(x)7P) v V4
Re(X) = log (tr(Xc(x)P)) v v
f(X) = —log det(X(x)) v v
g(x) =tr(X(x)=P) v Not guaranteed
R(x) = log (tr(X(x)~P)) Conjecture Not guaranteed

Table: Convergence of Frank-Wolfe on different objective functions.

*We adapted the proof from Zhao 2025 to the Blended Pairwise Conditional Gradient (BPCG).

Hendrych, D. and Besangon, M. and Pokutta, S. (2025). "Solving the Optimal Experiment Design
Problem with Mixed-Integer Convex Methods.” https://arxiv.org/abs/2312.112006
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Feasible region vs Domain

Figure: A schematic representation of the feasible region #, the domain of
the objective O and the convex hull of vertices that are both feasible and in

the domain denoted as W.
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L-smoothness

Theorem (L-smoothness for the Fusion Problems)

The functions fr(X) = log det(Xc(X)), gr(X) = tr(Xc(X)"P) and
Re(X) = log (tr(Xc(X)™P)) are L-smooth on x € Rxo.
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L-smoothness

Theorem (L-smoothness for the Fusion Problems)
The functions fr(X) = log det(Xc(X)), gr(X) = tr(Xc(X)"P) and
Re(X) = log (tr(Xc(X)™P)) are L-smooth on x € Rxo.

Theorem (Local L-smoothness for the Optimal Problems)
The functions f(X(x)), g(X(x)) and R(X(x)) are locally L-smooth on

Lo={xeDNP|(+)X) < (+)(X)}

where (=) is a placeholder for each function and x, € D an initial
point.
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Generalized self-concordance

By Carderera, Besan¢on, and Pokutta 2021, we also have convergence

if the objective is generalized self-concordant. Self-concordance was
already proved for the — log det(X) on S7,.

ZUSE
INSTITUTE
BERLIN
J Deborah Hendrych - Solving the Optimal Design Problem

17135



Generalized self-concordance

By Carderera, Besan¢on, and Pokutta 2021, we also have convergence
if the objective is generalized self-concordant. Self-concordance was
already proved for the —log det(X) on ST,

Theorem (Generalized self concordance A-criterion)
p+2)('/aT
Vp(p+1)
self-concordant on dom(g) = {X € S7, | 0 < X < al} where a € R,
bounds the maximum eigenvalue of X.

The function g(X) = tr (X"P), with p > 0, is (3 ( ) -generalized
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Generalized self-concordance

By Carderera, Besan¢on, and Pokutta 2021, we also have convergence
if the objective is generalized self-concordant. Self-concordance was
already proved for the —log det(X) on ST,

Theorem (Generalized self concordance A-criterion)
p+2)('/aT
Vp(p+1)
self-concordant on dom(g) = {X € S7, | 0 < X < al} where a € R,
bounds the maximum eigenvalue of X.

The function g(X) = tr (X"P), with p > 0, is (3 ( ) -generalized

Conjecture: The function R(X) = log tr (X"P), with p > 0, is generalized
self-concordant on some bounded set of the PD cone.
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Sharpness

Theorem (Strong convexity)

The functions f(X) = —logdet (X) and g(X) =tr (X"P), p > 0, are
strongly convex on D :={X € ST, | Amax(X) < a}.

The function R(X) = logtr (X"P), p > O, is strongly convex on
D:={XeS", | Amax(X) < a,x(X) <«k}.
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Sharpness

Theorem (Strong convexity)

The functions f(X) = —logdet (X) and g(X) =tr (X"P), p > 0, are
strongly convex on D :={X € ST, | Amax(X) < a}.

The function R(X) = logtr (X"P), p > O, is strongly convex on
D:={XeS", | Amax(X) < a,x(X) <«k}.

Theorem

The compositions of f, g and k with the information matrix X(x),
respectivily, are sharp on W.

In general, the compositions do not have a unique minimizer.
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A Custom Branch-and-Bound for OEDP under Matrix
Means (Co-BnB)

Ahipasaoglu 2021
e Coordinate-Descent-like algorithm for the nodes.
e Developed for m > n.

max log((X(w)))

m
s.t. ;W,' =1 (M'OEDP)

we [0,1]"
Nw € 2T,

e w can be interpreted as a probability distribution.

e Exploit connection to the Minimum Volume Enclosing Ellipsoid
Problem (MVEP) for the termination criteria.
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Epigraph-based Outer Approximation: SCIP+0A

Bestuzheva et al. 2021; Kronqvist et al. 2019

e Requires Epigraph Formulation
min t
t,x

st t>¢(x)

m
L
i=1
l<x<u
m
X € Zo.

e Would require additional domain cuts, i.e. adding cutting planes
to separate domain infeasible points. Hence, it's only used on
the Fusion Problems.
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Direct Conic Formulation

coey2022conic; Coey, Kapelevich, and Vielma 2022; Coey, Lubin, and Vielma 2020
e Pajarito.jl is a mixed-integer convex solver with conic
certificates.

Hypatia.jl is an interior point solver for conic optimization
problems.

D-Criterion:

Kiogdet := L{(U,v,W) e RXxR.o xS, | U< Vviogdet(W/v)}

A-Criterion: Dual of

Ksepspec := cL{(U,v,w) e RXR.o X int(Q) | U > vo(w/v)}

Q is the PSD cone and ¢ is the negative square root.
e The convex conjugate of the negative square root is the trace
inverse.
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Second-Order Conic Formulation (SOCP)

Sagnol 2011; Sagnol and Harman 2015

* In Sagnol 2011 the SOCP formulation for the continuous problem
was introduced.

e The SOCP formulation of the exact formulation of OEDP was
shown in Sagnol and Harman 2015.

* In theory, a nice result, but in practice, the problem size becomes
much larger.

e For the A-Optimal Problem, we have 2m(n + 1) variables and
2(n + 1) + m constraints.

* For the D-Optimal Problem, we have 2m(1 + n) + n? + 1 variables
and n(m + 1) + 3m + 4 constraints.
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Experimental Results |

Set up

* m between 50 and 120

e n=|m/4] and n = m/10]

#allowed experiments N = [1.5n].

Independent and correlated data for the experiment matrix A.
Five random seeds, leading to 50 instances per problem and data.
Carried out in Julia with a time limit of 1 hour.
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Experimental Results Il

Termination over time for the A-Optimal Problem
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Experimental Results Il

Termination over time for the D-Optimal Problem
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Experimental Results IV

Termination over time for the A-Fusion Problem
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Experimental Results V

Termination over time for the D-Fusion Problem
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Summary

The Outer Approximation approaches are fast for small instances.

Co-BnB is fast for instances where n is very small compared to m,
i.e.n =m/10.

Boscia.jl outperforms the other solvers, especially for
medium to large scale instances.

It also keeps the problem structure intact.
Can easily handle additional constraints.
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Outlook

On the Optimal Design side
e The E-Optimal Criterion and smoothing techniques.
e Sequential designs.
e Knowledge of experiment matrix A — Robustness.
e Non-Linear regression and nearly convex functions.

On the general Boscia. jl side

e Handling of non-convex objectives.
e Extended smoothness conditions.
* Preprocessing.

e Gradient feasible region.
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Thank you for your attention!
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Convex relaxation vs integer hull
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SOCP A-Criterion

m
. .
min Lt
xezm -
Vie[m] Y;eR™"
m
st. > AZi=1 (A-SOCP)
i=1

vie [m], 1Zill < tix;

m
ZX,’ =N
i=1
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SOCP D-Criterion

>0>
/ERHXH
Vie[m] Z;eR™"
Vie[m],je[n] tjeRz0

m
st. Y AZi=)
i=1

J lower triangle matrix

m
. 1/m
min | |]/
WeR™ xeZ™M ] i
=

Vie [m],j € [n] |1Z;gjl|? < t;jw;

m
vj € [n] Ztij <Jj
i=1

m
l<x<wuand Zw,-:1
i=1
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Effect of the conditioning of the problem
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