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Setting

Mixed-Integer Convex Problems

We want to solve MINLPs of the form

min
x
f (x)

s.t. x ∈ X
xj ∈ Z ∀j ∈ J

• f is a differentiable, non-linear, convex function.
• X is polyhedral with combinatorial and integrality constraints.
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Previous Strategies
Kronqvist et al. 2019
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The Frank-Wolfe algorithm I
Frank and Wolfe 1956; Levitin and Polyak 1966

min
x
f (x)

s.t. x ∈ C

• C is a compact convex set.
• f continuously differentiable, convex function.
• Requires f to be L-smooth, i.e. gradient ∇f Lipschitz-continuous.
• Assumes that the Linear Minimization Oracle (LMO) minx∈C ⟨d, x⟩

is easy to solve.

The Frank-Wolfe Gap or Dual Gap

f (x) − f (x∗) ≤ ⟨∇f (x), x − x∗⟩ ≤ min
v∈C

⟨∇f (x), x − v⟩
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The Frank-Wolfe algorithm II
Frank and Wolfe 1956; Levitin and Polyak 1966

C f (x)

xt

−∇f (xt)

xt
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The Frank-Wolfe algorithm III
Frank and Wolfe 1956; Levitin and Polyak 1966

C f (x)

xt

−∇f (xt)
vt

xt
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The Frank-Wolfe algorithm IV
Frank and Wolfe 1956; Levitin and Polyak 1966

C f (x)

xt

−∇f (xt)
vt

xt

xt+1
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Branch-and-Bound with Frank-Wolfe: Boscia.jl
Hendrych et al. 2023

• Frank-Wolfe variants as node solver.
• Frank-Wolfe implemented in
FrankWolfe.jl Besançon, Carderera, and
Pokutta 2022.

• Exploits Frank-Wolfe’s
error-adaptiveness.

• Frank-Wolfe enables warm-starting.
• Linear Minimization Oracle is a Bounded
(Mixed-Integer) Linear Minimization
Oracle (BLMO), usually a MIP solver but
can also be a combinatorial solver.

• Integer feasible solutions from the root
node.

BnB

NLP

node bound

gradient direction

MIP
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Think Pancakes
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Set-up

• The ultimate goal is fitting a regression model.

min
𝜽∈Rn

∥A𝜽 − y∥2
2

• A = [−ai−]mi=1 with ai ∈ Rn is the Experiment Matrix.
• Problem: Running all m experiments too costly and/or too time

intensive.

• The Information Matrix is a linear map X : Rm → Rn×n.

X(x) =
m∑︁
i=1

xiaia
⊺

i = A⊺ diag(x)A

• Variable xi ∈ Z≥0 denotes how often experiment i is to be run.
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Information measure

• Function 𝜙 : Sn++ → R where Sn++ is the cone of n × n positive
definite matrix.

• Necessary properties Pukelsheim 2006:

• Respect Loewner Ordering: Let D,B ∈ Sn+. Then D ≽ B if and only
D − B ∈ Sn+. If D ≽ B, we require 𝜙(D) ≥ 𝜙(B).

• Concave: Prohibit linear interpolation.

• Positively homogeneous: 𝜙(𝜆X) = 𝜆𝜙(X) for all 𝜆 ≥ 0.

• Non-negative and non-constant: Convention.

• Upper semi-continuous: The upper level sets {M ∈ Sn++ | 𝜙(M) ≥ 𝜆}
are closed for all 𝜆 ∈ R.

.
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The Optimal Experiment Design Problem (OEDP)

max
x

log(𝜙(X(x)))

s.t.
m∑︁
i=1

xi = N

l ≤ x ≤ u
x ∈ Zm≥0,

(OEDP)

• l and u are lower and upper bounds, respectively.
• Let m ≫ N ≥ n be the number of allowed experiments.
• Denote P = {x ∈ Rm | ⟨1, x⟩ = N, l ≤ x ≤ u}.

• If C = A⊺ diag(l)A is positive definite, we have the Fusion Problem.
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The A-Optimality and D-Optimality Criteria

The D-Optimal Problem (p = 0)

min
x

− log det (X(x))

s.t. x ∈ P ∩ Zm≥0
(DO)

Ponte, Fampa, and Lee 2023; Ahipaşaoğlu 2021; Li et al. 2022

The A-Optimal Problem (p = −1)

min
x

Tr
(
(X(x))−1)

s.t. x ∈ P ∩ Zm≥0
(AO)

Ahipaşaoğlu 2015; Sagnol and Pauwels 2019; Nikolov, Singh, and
Tantipongpipat 2022

• They stem from the matrix means 𝜙p (Pukelsheim 2006; Ahipaşaoğlu 2021).
• For p ≤ 1, 𝜙p is a valid information measure (Pukelsheim 2006).
• Both are NP-hard. (Welch 1982; Nikolov, Singh, and Tantipongpipat 2022)
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Solution Approaches I

Solution via Boscia.jl
• We have L-smoothness for the Fusion Problems, not for the

Optimal Problems.
• By Carderera, Besançon, and Pokutta 2021, we also have

convergence if the objective is generalized self-concordant.
• Known for the − log det as the barrier of the PSD cone.

Theorem
The function g(X) = Tr (X−p), with p > 0, is

(
3, (p+2) 4√a2pn√

p(p+1)

)
-generalized

self-concordant on dom(g) =
{
X ∈ Sn++ | 0 ≺ X ≼ aI

}
where a ∈ R>0

bounds the maximum eigenvalue of X.
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Solution Approaches II
A Custom Branch-and-Bound for OEDP under Matrix Means
(Co-BnB)
Ahipaşaoğlu 2021

• Coordinate-Descent-like algorithm for the nodes.
• Developed for m ≫ n.

max
w

log(𝜙(X(w)))

s.t.
m∑︁
i=1

wi = 1

w ∈ [0, 1]m

Nw ∈ Zm≥0

(M-OEDP)

• w can be interpreted as a probability distribution.
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Solution Approaches III
Outer Approximation with SCIP (SCIP + OA)
Bestuzheva et al. 2021; Kronqvist et al. 2019

• Requires Epigraph Formulation

min
t,x

t

s.t. t ≥ log(𝜙(X(x)))
m∑︁
i=1

xi = N

l ≤ x ≤ u
x ∈ Zm≥0.

• Approximate feasible region by linear cuts using the gradient of
the objective.
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Solution Approaches IV
Outer Approximation via Direct Conic Formulation
Coey, Kapelevich, and Vielma 2022a; Coey, Kapelevich, and Vielma 2022b; Coey, Lubin, and Vielma 2020

• Using Julia packages Pajarito.jl and Hypatia.jl.
• Klog det := cl

{
(u, v,W) ∈ R × R>0 × Sn++ | u ≤ v log det(W/v)

}
• Dual of Ksepspec := cl

{
(u, v,w) ∈ R × R>0 × int(Q) | u ≥ v𝜑(w/v)

}
• Q is the PSD cone and 𝜑 is the negative square root.
• The convex conjugate of the negative square root is the trace

inverse.

Outer Approximation via Second Order Cones
Sagnol 2011; Sagnol and Harman 2015

• The models need far more variables and constraints.
• For D-optimal, m + nm + nm + n(n+1)

2 variables
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Experimental Results I

Set up
• m between 50 and 120
• n = ⌊m/4⌋ and n = ⌊m/10⌋
• #allowed experiments N = ⌊1.5n⌋ in case of the Optimal

Problems.
• #allowed experiments N ∈ [m/20,m/3] in case of the Fusion

Problem.
• Independent and correlated data for the experiment matrix A.
• Five random seeds, leading to 50 instances per problem and data.
• Carried out in Julia with a time limit of 1 hour.
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Experimental Results II

Boscia Co-BnB Direct
Conic SOCP SCIP+OA

Type Corr. %
solved

Time
(s)

%
solved

Time
(s)

%
solved

Time
(s)

%
solved

Time
(s)

%
solved

Time
(s)

A no 58 % 208.53 42 % 640.68 14 % 1901.7 20 % 1499.12
A yes 82 % 98.5 50 % 541.22 20 % 1591.74 20 % 1844.74

AF no 80 % 54.82 78 % 82.96 12 % 2006.81 26 % 1591.48 38 % 464.82
AF yes 26 % 1359.35 50 % 370.57 20 % 1132.66 20 % 2002.94 14 % 1471.59

D no 74 % 81.07 58 % 442.28 24 % 732.57 22 % 2192.52
D yes 100 % 1.26 68 % 223.34 10 % 755.88 8 % 2623.3

DF no 94 % 3.32 86 % 38.28 14 % 1576.5 12 % 2748.23 50 % 333.25
DF yes 60 % 50.68 54 % 185.07 14 % 1761.18 6 % 2970.18 28 % 753.56
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Experimental Results III

Termination over time for the A-Criterion
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Figure: A-Optimal Problem
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Experimental Results IV

Termination over time for the D-Criterion
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Figure: D-Optimal Problem
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Summary

• The Outer Approximation approaches are fast for small instances.
• Co-BnB is fast for instances where n is very small compared to m,

i.e. n = m/10.
• Boscia.jl outperforms the other solvers, especially for

medium to large scale instances.
• Does not require a reformulation and is general, i.e. non-zero

lower bounds are hand-able and additional constraints can be
added.
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Outlook

On the Optimal Design side
• The E-Optimal Criterion and smoothing techniques.
• Knowledge of experiment matrix A→ Robustness.
• Non-Linear regression and nearly convex functions.

On the general Boscia.jl side
• Exploiting Sharpness.
• Improvement of the Branch-and-Bound strategies.
• Preprocessing.
• Heuristics.
• Handling of non-linear constraints?
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Thank you for your attention!
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