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Initial Setup and Motivation

The ultimate goal is fitting a regression model.

in ||A0 —y||?
(;21'[51” vilz

A= [-a;-]" with a; € R" is the Experiment Matrix. Assumed to
have full column rank.

0 is the unknown set of parameters to be found.
* yis the not-yet measured response.

o Running all m experiments too costly and/or too time
intensive.
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Information Matrix

The Information Matrix is a linear map X : R™ — R™",

m
X(X) = Z xjajal = AT diag(X)A

i=1

* Variable x; € Z-, denotes how often experiment i is to be run. x is
a design.
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Information Matrix

The Information Matrix is a linear map X : R™ — R™",

m
X(X) = Z xjajal = AT diag(X)A

i=1

Variable x; € Z-, denotes how often experiment i is to be run. x is
a design.

ATA is positive definite (PD).

X(x) is positive semi definite (PSD).

The inverse of X(x) (if existent) is called the Dispersion Matrix
D(x) and is a measure of the variance of the parameters
Ahipasaoglu 2021.

A design x is "useful” if X(x) is regular.
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Information measure

® Function ¢ : S, — R where S”, is the cone of n x n positive
definite matrix.

* Necessary properties Pukelsheim 2006:
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Information measure

® Function ¢ : S, — R where S”, is the cone of n x n positive
definite matrix.

* Necessary properties Pukelsheim 2006:

pZIE]

Respect Loewner Ordering: Let D, B € S". Then D = B if and only
D - B e Sh. If D= B, we require ¢(D) > ¢(B).

Concave: Prohibit linear interpolation.
Positively homogeneous: ¢(A1X) = 1¢(X) forall 2 > o.
Non-negative and non-constant: Convention.

Upper semi-continuous: The upper level sets {M € ST, | $(M) > 1}
are closed for all 1 e R.
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The Optimal Experiment Design Problem (OEDP)

max log(¢(X(x)))

S.t. ZX,’ =N (OEDP)

® Let m > N > n be the number of allowed experiments.
e land u are lower and upper bounds, respectively. Usually, | = 0.
e DenoteP={xeR™ | (1,x) =N,l <x < u}.
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The Optimal Experiment Design Problem (OEDP)

max log(¢(X(x)))

S.t. ZX,’ =N (OEDP)

Let m > N > n be the number of allowed experiments.

land u are lower and upper bounds, respectively. Usually, | = o.
Denote P = {xeR™ | (1,x) =N,l < x < u}.

If C = AT diag(l)A is positive definite, we have the Fusion Problem.
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The A-Optimality and D-Optimality Criteria
The D-Optimal Problem (p = 0) The A-Optimal Problem (p = —1)

mxin — log det (X(X)) mxin Tr ((X(x)™)

DO) (AO)
st. xe Pnzl, st. xe Pnzl,
minimal volume of standard minimize the diagonal of the
ellipsoidal confidence region of 6 bounding box of the confidence
Ponte, Fampa, and Lee 2023; Ahipasaoglu 2021; Li et al. 2022 e“.lpSOld

Ahipasaoglu 2015; Sagnol and Pauwels 2019; Nikolov, Singh, and
Tantipongpipat 2022

Both are NP-hard. welch 1982; Nikolov, Singh, and Tantipongpipat 2022)

The D-Fusion Problem is also NP-hard (ietal.2022). FOr the A-Fusion it is not
known.
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Previous Approach

pZIE]

Due to the hardness of the MINLP formulation, one often solves a
continuous version.

The Limit Problem is created by letting N — co.
x can then be found of as a probability distribution.

Different rounding schemes and exchange heuristics can then be
employed to generate integer solution.

Problem 1: Sparsity of the probability solution is often required.
Problem 2: No guarantee of the optimality.
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Branch-and-Bound with Frank-Wolfe: Boscia.jl

Hendrych et al. 2023

Problem Form

min f(x)
st.xe X
Xj€ZVjel

* fisa differentiable,
non-linear, convex,
L-smooth function.

® X is polyhedral with
combinatorial and

integrality constraints.

pZIE]

[llustration of the
Solution Approach

BnB

wlm(

bound

N— |

=

direction
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Frank-Wolfe variants as
node solver.

Frank-Wolfe implemented
in FrankWolfe.jl
Besancon, Carderera, and Pokutta
2022.

Exploits Frank-Wolfe's
error-adaptiveness.

Frank-Wolfe enables
warm-starting.

Linear Minimization Oracle
is a Bounded
(Mixed-Integer) Linear
Minimization Oracle
(BLMO), usually a MIP
solver but can also be a
combinatorial solver.

Integer feasible solutions
from the root node.
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IsBoscia.jl applicable?

e We have L-smoothness for the Fusion Problems, not for the
Optimal Problems.
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Is Boscia.jl applicable?

e We have L-smoothness for the Fusion Problems, not for the
Optimal Problems.

e By Carderera, Besancon, and Pokutta 2021, we also have
convergence if the objective is generalized self-concordant.

e Known for the —log det as the barrier of the PSD cone.

Theorem
The function g(X) = Tr (X™P), with p > 0, is (3, ("\72)? "1: ) generalized

self-concordant on dom(g) = {X € S, | 0 < X < al} where a € R.
bounds the maximum eigenvalue of X.
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A Custom Branch-and-Bound for OEDP under Matrix
Means (Co-BnB)

Ahipasaoglu 2021
e Coordinate-Descent-like algorithm for the nodes.
e Developed for m > n.

max log((X(w)))

m
s.t. ; w; =1 (M'OEDP)

we [0,1]"
Nw € 2T,

e w can be interpreted as a probability distribution.

e Exploit connection to the Minimum Volume Enclosing Ellipsoid
Problem (MVEP) for the termination criteria.
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Epigraph-based Outer Approximation: SCIP+0A

Bestuzheva et al. 2021; Kronqvist et al. 2019
e Requires Epigraph Formulation

min t
t,x

st t> —log(p(X(x)))

m
Sxi=n

i=1
l<x<u
xezZl,.

e Approximate feasible region by linear cuts using the gradient of
the objective.
e Would require additional domain cuts, i.e. adding cutting planes

to separate domain infeasible points. Hence, it's only used on
the Fusion Problems.
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Direct Conic Formulation

Coey, Kapelevich, and Vielma 2022a; Coey, Kapelevich, and Vielma 2022b; Coey, Lubin, and Vielma 2020
e Pajarito.jl is a mixed-integer convex solver with conic
certificates.

e Hypatia.jlisan interior point solver for conic optimization
problems.

e D-Criterion:

Kiogdet := L{(U,v,W) e RXxR.o X S, | U < viogdet(W/v)}
e A-Criterion: Dual of

Ksepspec = CL{(U,v,w) € R x Ryo X int(Q) | U > vp(w/v)}

® Qis the PSD cone and ¢ is the negative square root.

e The convex conjugate of the negative square root is the trace
inverse.
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Set-up

e m between 50 and 120
®* n=|m/4] and n = |m/10]

e #allowed experiments N = [1.5n] in case of the Optimal
Problems.

#allowed experiments N € [m/20, m/3] in case of the Fusion
Problem.

Independent and correlated data for the experiment matrix A.
Five random seeds, leading to 50 instances per problem and data.
Carried out in Julia with a time limit of 1 hour.
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Experimental Results

Direct

Boscia Co-BnB Conic SCIP+OA
Type Corr. % Time % Time % Time % Time
yp : solved (s) solved (s) solved (s) solved (s)

A no 58 % 208.53 42 % 640.68 14 % 1901.7

A yes 82% 98.5 50 % 541.22 20% 1591.74

AF no 80% 54.82 78 % 82.96 12%  2006.81 38% 464.82
AF yes 26 % 1359.35 50 % 370.57 20 % 1132.66 14 % 1471.59
D no 74 % 81.07 58 % 442.28 24% 732.57

D yes 100 % 1.26 68 % 223.34 10 % 755.88

DF no 9% % 3.32 86 % 38.28 14 % 1576.5 50 % 333.25
DF yes 60 % 50.68 54 % 185.07 14 % 176118 28 % 753.56

Table: Relative number of instances solved and the geometric mean of the
time shifted by 1 second for all solvers. Note that the average time includes
the timeouts!
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Summary

The Outer Approximation approaches are fast for small instances.

Co-BnB is fast for instances where n is very small compared to m,
i.e. n =m/10.

Boscia.jl outperforms the other solvers, especially for
medium to large scale instances.

It also keeps the problem structure intact.
It can easily handle additional constraints.
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Outlook

e The E-Optimal Criterion and smoothing techniques.
e Knowledge of experiment matrix A — Robustness.
e Non-Linear regression and nearly convex functions.
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Thank you for your attention!
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Matrix Means

Definition (Matrix Mean)

Let B € S! and let A(B) denote its eigenvalues. The matrix mean ¢p, of
B is defined as

Amax(B), for p = o,
(1Tr(BP))?, forp# 0,0,
¢p(B) = { det(B)n, for p = o, (1)
Amin(B), for p = —co,
o] for p = [, 0] and B singular.

For p <1, ¢p is a valid information measure (puketsheim 2006).

P B) Deborah Hendrych - Solving the Optimal Design Problem 26 /25



The Frank-Wolfe algorithm |

Frank and Wolfe 1956; Levitin and Polyak 1966

mxin f(x)

st.xeC

* Cisacompact convex set.

f continuously differentiable, convex function.
Requires f to be L-smooth, i.e. gradient Vf Lipschitz-continuous.

Assumes that the Linear Minimization Oracle (LMO) minyec (d, X)
is easy to solve.

The Frank-Wolfe Gap or Dual Gap

f0) = F(x7) < (VF (%), X = X7) < min (Vf (x), X - V)

P B) Deborah Hendrych - Solving the Optimal Design Problem 27/ 25



The Frank-Wolfe algorithm II

Frank and Wolfe 1956; Levitin and Polyak 1966

C f(x)

Xt
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The Frank-Wolfe algorithm Il

Frank and Wolfe 1956; Levitin and Polyak 1966

C f(x)

Vi

Xt
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The Frank-Wolfe algorithm IV

Frank and Wolfe 1956; Levitin and Polyak 1966

Xt
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Plots |

Termination over time for the A-Criterion
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Plots Il

Termination over time for the D-Criterion
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Second-Order Conic Formulation (SOCP)

Sagnol 2011; Sagnol and Harman 2015

* In Sagnol 2011 the SOCP formulation for the continuous problem
was introduced.

* The SOCP formulation of the exact formulation of OEDP was
shown in Sagnol and Harman 2015.

* In theory, a nice result, but in practice, the problem size becomes
much larger.

e For the A-Optimal Problem, we have 2m(n + 1) variables and
2(n +1) + m constraints.

* For the D-Optimal Problem, we have 2m(1+ n) + n®> + 1 variables
and n(m + 1) + 3m + 4 constraints.
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SOCP A-Criterion

m
min Z t;
eR" "
. i=1

. xezm
Vie[m] Y;eR™"

m
st. > AZi=1
i=1

Vie [m] lIZ;lI < tix;

m
ZX,‘ =N
i=1
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SOCP D-Criterion

m
min Hj?./m
weRT_ xezZM ] n
=

>0’
JeRM™N
Vie[m] Z;eR™"
vie[m]je[n] tjeRso

m
st. > AZi=)
i=1

J lower triangle matrix

Vie [m],j € [n] IZ;gjll7 < tyw;

m
vj € [n] Ztij <Jj
i=1

m
l<x<uand Zw,-:1
i=1

P B) Deborah Hendrych - Solving the Optimal Design Problem

(D-SOCP)

35/ 25



Experimental Results including SOCP

Direct

Boscia Co-BnB Conic SOcCP SCIP+OA
Type Corr. % Time % Time % Time % Time % Time
yp : solved (s) solved (s) solved (s) solved (s) solved (s)

A no 58 % 208.53 452 % 640.68 4% 1901.7 20 % 149912

A yes 82% 98.5 50 % 541.22 20 % 1591.74 20 % 184474

AF no 80% 54.82 78 % 82.96 12% 2006.81 26 % 1591.48 38% £464.82
AF yes 26 % 1359.35 50 % 370.57 20 % 1132.66 20%  2002.94 14 % 1471.59
D no 74 % 81.07 58 % 442,28 24 % 732.57 2% 2192.52

D yes 100 % 1.26 68 % 223.34 10 % 755.88 8% 2623.3

DF no 9% % 3.32 86 % 38.28 14 % 1576.5 12 % 2748.23 50 % 333.25
DF yes 60 % 50.68 54 % 185.07 14 % 176118 6 % 297048 28 % 753.56

Table: Relative number of instances solved and the geometric mean of the
time shifted by 1 second for all solvers. Note that the average time includes
the timeouts!
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Figures including SHOT Il

Termination over time for the D-Criterion
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